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Strain-induced pseudomagnetic field in Dirac semimetal borophene
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A tight-binding model of 8-Pmmn borophene, a two-dimensional boron crystal, is developed.
We confirm that the crystal hosts massless Dirac fermions and the Dirac points are protected by
symmetry. Strain is introduced into the model, and it is shown to induce a pseudomagnetic field
vector potential and a scalar potential. The dependence of the potentials on the strain tensor is
calculated. The physical effects controlled by pseudomagnetic field are discussed.
I. INTRODUCTION
The recent research in nanoelectronics pay much at-
tention to the two-dimensional crystals and heterostruc-
tures [1]. The boron studies contributed to the advances
in that field by successful synthesizing three different
two-dimensional crystalline boron structures [2, 3]. Two-
dimensional boron crystals are referred to as borophenes
[2–4].
Theoretical predictions of borophene structures and
their properties are being developed intensively, see [2, 4–
7] and references therein. One of the most stable pre-
dicted structures, Pmmn boron, is shown to be a Dirac
semimetal [5]. That material was studied in detail in
Ref. [8], where the term “8-Pmmn borophene” was in-
troduced, which we will use hereafter. Dirac semimet-
als have zero energy gap and conical dispersion law of
low-energy electronic excitations. The physics of the 2D
and 3D Dirac semimetals and related materials such as
Weyl semimetals is also an actively developing field [7, 9–
11]. The first 2D Dirac material discovered, graphene,
remains to be a focus of intense research in connection
with various applications including but not limited to
nanoelectronics. The study of Dirac semimetal Pmmn
borophene is interesting since it shares some properties
of graphene but shows differences in other aspects, for
example, the dispersion law of its low-energy excitations
is anisotropic, in contrast to graphene [5].
Graphene shows numerous remarkable effects, one of
which is the strain-induced elastic pseudomagnetic gauge
field [12–15]. Inhomogeneous strain induces an effective
field which can be as strong as tens and hundreds of tes-
las, which has been confirmed experimentally [16, 17].
The particles in graphene feel that effective field just in
the same way as an external magnetic field except that
the strain-induced field does not break the time-reversal
symmetry. It is reasonable to expect the same effect
in other Dirac materials. This effect was shown to be
present in a simple 3D Dirac semimetal model [18].
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In the present work we show that the Dirac semimetal
8-Pmmn borophene structure under strain indeed ex-
hibits giant pseudomagnetic field as well as scalar poten-
tial. We develop a tight-binding model to describe elec-
tronic structure of borophene. We analyze the symme-
tries of the system to find what contributions to the low-
energy Hamiltonian from small, moderately non-uniform
strain are allowed. We present numerical results for the
vector and scalar potentials arising in the strained lattice
and discuss possible experimental probing of the effect.
The paper is organized as follows: in section II we
introduce the tight-binding Hamiltonian of 8-Pmmn
borophene, discuss its main features and give the val-
ues of its parameters obtained from fitting; in section III
we include strain using the symmetries and the numerical
treatment and discuss possible experimentally detectible
effects; we conclude in section IV.
II. TIGHT-BINDING MODEL
OF 8-Pmmn BOROPHENE
Two of the possible borophene structures, the pre-
dicted one from Ref. [5] shown in Fig. 1(a) and the ex-
perimentally obtained one from Ref. [2] (which had been
first predicted in Ref. [19]) shown in Fig. 1(b) are both
two-dimensional but not flat, and they share the same
space group Pmmn (No. 59 in [20]). Since these struc-
tures have 8 and 2 atoms per unit cell respectively, we
will call them 8-Pmmn borophene (following [8]) and
2-Pmmn borophene. We are mostly interested in the
former since it hosts Dirac fermions and thus can ex-
hibit strain-induced pseudomagnetic field, but symmetry
allows to make some conclusions regarding both those
structures.
The Pmmn space group is (redundantly) generated
by the translations by the vectors (a, 0, 0), (0, b, 0), and
(0, 0, c) (the latter is lacking for the two-dimensional
case), inversion I, rotation C2, reflection σv, and the
n-glide plane consisting of the (a/2, b/2, 0) translation
and the z → −z reflection. We also neglect the possible
spin-orbit coupling, so the system has the time-reversal
symmetry θ. The Hilbert space is then split into two sub-
spaces of the n-symmetric and the n-antisymmetric wave
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FIG. 1. (Color online) Crystal structure of Pmmn boro-
phenes. Dashed line encloses the unit cell. (a) Crystal struc-
ture of the Dirac semimetal 8-Pmmn borophene predicted
in [5]. I and R labels mark the inner and ridge atoms [8].
(b) Crystal structure of the metallic 2-Pmmn borophene pre-
dicted in [19] and synthesized in [2].
functions, and the Hamiltonian H(kx, ky) can be brought
to the block-diagonal form with the blocks HS and HA.
The Bloch waves from every subspace then correspond
to the smaller effective unit cell (Fig. 1) and doubled
first Brillouin zone (Fig. 2). It is well known that glide-
symmetric crystals have Hamiltonian consisting of such
blocks (see, e. g., [21, 22]), these blocks being related
by HA(kx, ky) = HS(kx +2π/a, ky) = HS(kx, ky +2π/b).
For a tight-binding model of an arbitrary crystal with
Pmmn symmetry, that is shown directly in the Ap-
pendix. Then it follows that there is a twofold glide-
symmetry-protected degeneracy at the boundary of the
original Brillouin zone (lines C and D in Fig. 2). As a
consequence, if the number of boron atoms in the unit
cell is not a multiple of four, as in the case of 2-Pmmn
borophene, and we do not have even number of electrons
per unit cell (leaving aside twofold spin degeneracy) at
the charge neutrality, then the crystal must be metallic.
This applies to the material described in Refs. [2, 19].
The two inequivalent atoms in the lattice of 8-Pmmmn
borophene are inner atoms and ridge atoms, using
the terminology of Ref. [8]. The lattice is charac-
terized by the following parameters [5]: a = 0.452
nm, b = 0.326 nm, the coordinates of two inequiva-
lent atoms are (a/2, 0.247b, 0.109 nm) (ridge atom) and
(0.185a, b/2, 0.040 nm) (inner atom), and the coordinates
of other atoms are obtained via symmetry operations.
To investigate the electronic structure of the 8-Pmmn
borophene further we develop a tight-binding model. For
each of the 8 atoms of the unit cell we take into account
one 2s orbital and three 2p orbitals, ignoring spin. In
the basis of symmetric/antisymmetric combinations of
s, px, py orbitals of the atoms related by n symmetry
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FIG. 2. (Color online) Reciprocal space of a 2D crystal with
Pmmn space group: the black dots are the reciprocal lat-
tice points, the thick solid green line encloses the rectangu-
lar first Brillouin zone, the blue dots are the high-symmetry
points of the Brullouin zone, the dotted lines are the internal
high-symmetry lines. Hereinafter we use the Bilbao Crystal-
lographic Server [23] notation which differs from the one used
in [5] by the substitution X ↔ Y . The thin gray line encloses
the hexagonal extended Brillouin zone of the n-symmetrized
wave functions which are described by Cmmm group.
and antisymmetric/symmetric combinations of their pz
orbitals the Hamiltonian takes the block-diagonal form
with two blocks, HS and HA = HS(kx+2π/a, ky), which
define equivalent 16-band models. Any of them can be
taken to study low-energy dynamics.
For the Hamiltonian two-center integrals Vi(R), i =
ssσ, spσ, ppσ, ppπ, we use NRL parametrization [24]
Vi = (ei + fiR+ giR
2) exp(−h2iR). (1)
The hoppings are constructed in a usual way [25], orbital
overlap is neglected. So we have sixteen parameters for
the matrix elements. We take into account only the six
inequivalent bonds with length less than 2 A˚, which are
the ones shown in Fig. 1(a). The on-site energies ǫs and
ǫp are taken to be the same for all atoms, which adds one
parameter ǫp − ǫs. To obtain those 17 parameters we fit
the valence band and the conduction band to the GGA-
PBE DFT data of [5]. The parameters given in [26] were
used as an initial guess for the fitting. ǫs is extracted
from the DFT total energy. The resulting parameters
are given in Table I.
The resulting tight-binding model gives good agree-
ment with the DFT data of [5] and reproduces some fea-
tures of the more detailed DFT data of [8]. The band
structure is shown in Fig. 3. The bands of HS and
HA taken separately do not cross each other, there are
only Dirac-point-touchings in the band structure of each
block (however, when they are taken together, there are
many band crossings, including the ones on the bound-
ary of Brillouin zone). In particular, we obtain dis-
persion of energy excitations near the Fermi energy as
tilted anisotropic Dirac cones at kD = (0, kD) and −kD,
kD = 0.290× 2π/b.
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FIG. 3. (Color online) Band structure of 8-Pmmn borophene.
(a) Band structure. The special points are explained in Fig. 2.
The Fermi level is shown with a yellow line. Blue and purple
lines, respectively, correspond to bands defined by HS and
HA. One can see the twofold degeneracy at the boundary of
the Brillouin zone and the Dirac point at the Fermi level. Two
lowest energy bands are omitted. (b) The tilted, anisotropic
Dirac cone in the vicinity of point kD.
Regarding the charge density distribution of the low-
energy Dirac electronic states in our model, the conduc-
tion band and the valence band share the same main
features in this aspect. The contributions from the two
inequivalent types of atoms are virtually equal but origi-
nate from different orbitals: the inner atoms mostly con-
tribute to Dirac states by pz states, while in the case of
bond type ssσ spσ ppσ ppπ
e [Ry] −45.61 7.926 0.770 0.987
f [Ry/rB] −1.30 −2.550 1.159 0.864
g [Ry/r2B] 2.90 −7.757 2.286 0.889
h [r
−1/2
B
] 5.28 0.937 −3.485 1.335
ǫp − ǫs [Ry] 0.523
ǫs [Ry] 0.057
TABLE I. Fitting parameters in (1). rB = 0.0529 nm is the
Bohr radius.
the ridge atoms the contribution of the three p orbitals
are of the same order (s orbitals contribute much less). It
seems established that the pz states of the inner atoms are
vital for the Dirac states in 8-Pmmn borophene. How-
ever, the role of the p states localized on the ridge atoms
is controversial. Indeed: the DFT results of Ref. [5] show
that their pz orbitals contribute to the Dirac states, our
tight-binding model gives equally important contribution
of all three p orbitals, and the DFT results of Ref. [8] deny
the contribution of the ridge atoms completely.
As pointed out in [27], the band touching at ∆ line
of the Brillouin zone (see Fig. 2) is protected by the σv
(x → −x) reflection symmetry. The band touching, i.
e. the Dirac point, arises as the crossing of two one-
dimensional bands which belong to different subspaces
of that symmetry. One of those bands corresponds to
the wave functions symmetric with respect to σv reflec-
tion and the other one corresponds to the wave functions
antisymmetric with respect to σv. So the Dirac point is
protected by symmetry; however, the robust protection
of the degeneracies, which is usually provided by the glide
plane symmetries [21], is not present in this case.
III. STRAIN-INDUCED
PSEUDOMAGNETIC FIELD
A. Dirac Hamiltonian
A general tilted, anisotropic two-dimensional Dirac
cone shape is described by five parameters; σv symmetry
reduces this number to three (vx, vy, vt):
E(p) = pyvt ±
√
p2xv
2
x + p
2
yv
2
y. (2)
The corresponding low-energy two-band effective
massless Dirac Hamiltonian in the vicinity of k = kD
can be written as
HD = vxσxpx + vyσypy + vtσ0py (3)
in a proper basis. The energy offset is the charge neu-
trality point of the Pmmn-borophene, i. e., the Dirac
point.
The velocities vx, vy, vt are related to the original tight-
binding Hamiltonian through its characteristic polyno-
mial P (E,k) or its eigenvalues E(k) via the following
formulas:
vt = −∂
2P/∂ky∂E
∂2P/∂E2
,
v2x = −
∂2P/∂k2x
∂2P/∂E2
, v2y = v
2
t −
∂2P/∂k2y
∂2P/∂E2
; (4)
∂E
∂kx
= ±vx, ∂E
∂ky
= ±vy + vt. (5)
All the derivatives are taken at k = kD, E = 0. The
second Dirac point at k = −kD has the opposite chirality,
4action of symmetries quantities
σv = +1, θC2 = +1 σ0, H, py, σy, uxx, uyy
σv = −1, θC2 = +1 px, σx, uxy, ω
σv = +1, θC2 = −1 i, y,
∂
∂y
, uy
σv = −1, θC2 = −1 σz, x,
∂
∂x
, ux
TABLE II. The action of symmetry operations upon various
quantities. The Pauli matrices σ0,x,y,z are understood as op-
erators acting on wave functions written in the basis in which
the low-energy Hamiltonian has the form (3).
the opposite sign of vt; the signs of vx and vy depend on
the basis.
Our model gives vx = 0.86× 106 m/s, vy = 0.69× 106
m/s, vt = 0.32× 106 m/s, so the slopes of the dispersion
in y direction, vy±vt according to (5), are 1.01×106 m/s
and 0.37×106 m/s. The Dirac cone is shown in Fig. 3(b).
B. Symmetry-allowed terms in the Hamiltonian
Now we consider the strained lattice in the same way
as it was done in [15] for the case of graphene. The strain
is described by the displacement field u(r) and the strain
tensor which equals uij(r) =
1
2
(
∂ui
∂rj
+
∂uj
∂ri
)
in the first
order with respect to the derivatives of ui. Small, moder-
ately inhomogeneous strain can contribute to the Hamil-
tonian some terms which must be invariant under the
symmetry operations which leave the crystal structure
and also kD invariant [28, 29]. n-glide plane contributes
nothing here, so we have two symmetry operations: the
σv reflection (x→ −x) and the θC2 operation (π rotation
together with time reversal: x → −x, y → −y, t → −t).
Action of each of these two operations upon various quan-
tities such as components of the strain tensor or the mo-
mentum can be represented either as 1 or as −1. Since
the time reversal θ is merely the complex conjugation, it
changes the sign of i. Then the invariance of the Hamil-
tonian [both the full one and the low-energy one (3)] and
the equality σz = −iσxσy give us the results summarized
in Table II.
As can be seen from Table II, the following invariant
quantities involving the strain tensor are possible: uxxσ0
and uyyσ0 (scalar potential – an energy shift), uxxσy and
uyyσy (shift of py), uxyσx (shift of px), and the higher-
order terms which are small for small, smooth strains.
The coefficients of these terms depend on the Hamilto-
nian parameters and must be obtained from the model.
The shift of the momentum components may be inter-
preted as the vector potential of the strain-induced pseu-
domagnetic field.
Table II also mentions the local rotation ω =
1
2
(
∂ux
∂y
− ∂uy
∂x
)
. Even though this quantity itself can-
not give any observable contribution, its derivatives can
enter the Hamiltonian. For example, the term σz
∂ω
∂y
is
invariant under the σv and θC2 symmetries. However,
this term is small for smooth strains.
The gap could be opened by a term proportional to
σz. It can be seen from Table II that strains cannot
induce such a term in the lowest order. The above-given
example σz
∂ω
∂y
shows that higher-order terms can have
such form, so in principle a very small gap can be opened
by strains. However, it seems that in graphene, where it
is also possible [15], such mechanism of gap opening was
not observed for now.
So the symmetry forbids gap opening for small, mod-
erately inhomogeneous strains and allows shifting of the
Dirac point, thus allowing pseudomagnetic and pseudo-
electric fields of the certain forms.
C. Numerical results for the potentials
We performed the numerical investigation of the tight-
binding Hamiltonian introduced in Sec. II. The strains
were taken into account via the change in matrix ele-
ments, which is contributed by the change of the inter-
atomic distances [changing hoppings in accordance with
(1)] and the change of the directions of inter-atomic vec-
tors changing the coefficients of hoppings in accordance
with [25].
We indeed obtained the potentials consistent with the
results of Sec. III B. As a result, the effective Hamiltonian
of deformed material becomes:
H = vxσx
(
px − ecAx(uij)
)
+
+ (vyσy + vtσ0)
(
py − ecAy(uij)
)
+ eϕ(uij). (6)
ϕ = Vxxuxx + Vyyuyy; (7)
A = (αxyuxy, αxxuxx + αyyuyy). (8)
Vxx = −6.2 V, Vyy = −6.0 V; (9)
αxy = 3.63 G×cm,
αxx = 3.58 G×cm, αyy = −1.15 G×cm. (10)
The scalar potential ϕ has the same sign in the −kD val-
ley, while the vector potential A has the opposite sign
there. The effective fields are given by E = −∇ϕ, B =
∇ × A = (0, 0, ∂Ay
∂x
− ∂Ax
∂y
). Note that equations (7–8)
differ from the case of graphene which has different sym-
metry and ϕ = V (uxx + uuu), A = α(uxx − uyy,−2uxy).
The figures in Eq. (9) are missing the contribution
to the scalar potential from the change of the on-site
potentials in a strained crystal, but general Eq. (7) for
the scalar potential is true. It leads to the static charging
effect, however, it can be suppressed by the substrate [17].
On the other hand, the figures in Eqs. (9) and (10)
must be noticeably overestimated because of the straight-
forward treatment of strain. The strain field actually
provides the description for the deformation of the Bra-
vais lattice, and in complex lattices such as that of 8-
Pmmn borophene the atoms inside a unit cell tend to
relax, and so the strain-induced potentials get renormal-
ized and thus decreased [30].
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FIG. 4. Strain field u(r) = (y2/b, 0, 0) in 8-Pmmn borophene
which provides a homogeneous pseudomagnetic field with no
scalar potential, and the shape of a deformed borophene flake.
D. Effects
From (8), (10) it can be seen that if the characteristic
size of strain inhomogeneity is about tens of nanometers
then the pseudomagnetic field can be as large as millions
of gausses (i. e., hundreds of teslas) as in graphene. So
it is possible to engineer giant effective pseudomagnetic
field via strain to control electric currents in borophene.
In particular, since the pseudomagnetic field has different
signs for two valleys, that controllable field may be used
in valleytronics based on Dirac materials [31, 32].
Certain strains such as the one shown in Fig. 4 provide
homogeneous pseudomagnetic field. In the paper [33],
the Landau levels in the system with anisotropic, tilted
massless Dirac dispersion were studied, and it was found
that for large N , the energy of the N -th Landau level in
strong magnetic field B is approximately proportional to√
|BN | as in the case of usual Dirac cone.
Another phenomenon that could be observed in
strained 8-Pmmn borophene is the quantum Hall effect.
It would require crossed pseudomagnetic and electric (or
pseudo-electric) fields, so because of valley-dependent
sign of the pseudomagnetic field and the absence of the
external magnetic field we would obtain anomalous quan-
tum valley Hall effect [31, 34]. Besides, the interplay be-
tween real and pseudo-magnetic fields in a Dirac material
could lead to odd integer quantum Hall effect [35].
Besides, pseudomagnetic field in a strained Dirac mate-
rial provides significant Faraday and Kerr rotation when
external field is also present [36, 37].
The main feature of borophene compared to graphene
is its anisotropic Dirac cone which originates from differ-
ent lattice symmetry. For the strain-induced potentials,
it manifests as follows. Say, we have an arbitrary strain
field and rotate it as a whole. The strain tensor then
transforms uij(r) → u′ij(r′) in the usual way, where r is
related to r′ via some orthogonal transformation. Will
the strain-induced potentials stay the same? For the case
of graphene, the scalar potential ϕ = (uxx + uyy)V and
the norm of the vector potentialA = (uxx−uyy,−2uxy)A
[12] would both stay the same: ϕ(u′ij(r
′)) = ϕ(uij(r)),
|A(u′ij(r′))|2 = |A(uij(r))|2. However, for the case of
borophene that is generally not true. Thus it is possible
in principle to deform a graphene or 8-Pmmn borophene
flake in some way, then deform it again with the same de-
formation pattern rotated, and compare the static charg-
ing patterns. They would be the same for the case of
graphene but different in the case of borophene.
In view of the above we believe that it will be inter-
esting to synthesize 8-Pmmn-borophene for these exper-
iments to become possible. Since it is predicted to be
one of the most stable borophene structures, its synthe-
sis via molecular beam epitaxy or some of the chemical
techniques (which are used to obtain 3D boron allotropes
[38]) seems possible.
IV. CONCLUSION
We have developed a tight-binding model of a 2D Dirac
semimetal 8-Pmmn borophene predicted in [5]. The pa-
rameters were obtained from a fit to the DFT data and
the resulting electronic structure reproduces the main
features of the DFT band structure, including the Dirac
points at the Fermi level. Symmetry analysis have shown
that the Dirac points are symmetry-protected.
We have analyzed the general form of contribution of
strains to Hamiltonian using the symmetry considera-
tions. Using the tight-binding model we have obtained
strain-induced scalar and vector potential in 8-Pmmn
borophene expressed through the strain tensor, equations
(7–10).
The pseudomagnetic field can be as large as hundreds
of teslas. It should be detectable in 8-Pmmn borophene
through the Landau quantization, Faraday effect, and
quantum valley Hall effect, and it can be applied to val-
leytronics device development.
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Appendix: Hamiltonian of a system with n-glide
symmetry
Let the tight-binding Hamiltonian Htb include 2N or-
bitals per unit cell, N = 4 × 4 = 16 for our 8-Pmmn
borophene model. In the basis of these atomic orbital
wave-functions, if we replace k → k + ∆k with ∆k
being a reciprocal lattice vector then this is equiva-
lent to the unitary transformation of the Hamiltonian
U = diag{e−i∆kri}2Ni=1 (a diagonal matrix with the ele-
ments e−i∆kri in its main diagonal) where ri is the posi-
tion of the atom on which the i-th orbital is localized in
the unit cell. We enumerate the orbitals in such a way
that for i ≤ N , the atom on which orbital i+N is local-
ized is related to the atom on which orbital i is localized
by the non-symmorphic n-glide symmetry. e−i∆kri =
6−e−i∆kri+N with ∆k = (2π/a, 0, 0) or ∆k = (0, 2π/b, 0)
since in both cases ∆k(ri+N − ri) = π, so U can be writ-
ten in the block-diagonal form as U = diag(UN ,−UN) (a
block-diagonal matrix with the blocks UN and −UN in
its main diagonal, with UN also diagonal) in that case.
To bring the Hamiltonian to the block-diagonal form,
we perform the unitary transformation S which is written
as follows: for i ≤ N , the matrix elements are given
by Sij = (δij ± δi+N,j)/
√
2 where ± is plus or minus
depending on how σh reflection acts on the type of orbital
i (in particular, it is plus for s, px, py orbitals and minus
for pz orbitals); for i > N , Sij = (δi−N,j ∓ δij)/
√
2.
Then transformation S brings the Hamiltonian to the
block-diagonal form SHtbS
† = diag(HS, HA).
Now we note that if U = diag(UN ,−UN ) then
SU = S′U ′ = U ′S′ where U ′ = diag(UN , UN) and
S′ is S with top N rows swapped with bottom N
rows, so S′HtbS
′† = diag(HA, HS). Thus HS(kx +
2π/a, ky, kz) andHS(kx, ky+2π/b, kz) are both related to
HA(kx, ky, kz) by unitary transformation U
′. This means
that we have to find the eigenvalues for just any one of
these two blocks since the full spectrum can be obtained
directly from them. However, the Brillouin zone of each
block HS,A is doubled (Fig. 2).
A corollary is that on the boundary of the original Bril-
louin zone (or only its side faces for the 3D case) the two
blocks of the Hamiltonian are equivalent so there is an n-
glide-symmetry-protected degeneracy. So every (2k− 1)-
th band always crosses 2k-th band which means that at
odd filling factor the Fermi level can never lie in a gap (or
even at point band touching) since the two bands that
would be separated by that gap actually touch each other
throughout the boundary of the Brillouin zone. Thus
such material is a metal. That is the case of the 2-Pmmn
borophene structure shown in Fig. 1(b) at charge neutral-
ity. An insulator or a semimetal must have even filling
factor which is the case of Fig. 1(a).
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